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— ^ . Abstract. This article is concerned with crossed products and their applications 

to random operators. We study the von Neumann algebra of a dynamical system 
using the underlying Hilbert algebra structure. This gives a particularly easy way to 
^ . introduce a trace on this von Neumann algebra. We review several formulas for this 

f^ ' trace, show how it comes as an application of Connes' non commutative integration 

CO , theory and discuss Shubin's trace formula. We then restrict ourselves to the case 

(_P ■ of an action of a group on a group and include new proofs for some theorems of 

C_N ' Bellissard and Testard on an analogue of the classical Plancherel Theorem. We show 

^— ^ , that the integrated density of states is a spectral measure in the periodic case, therby 

generalizing a result of Kaminker and Xia. Finally, we discuss duality results and 
»» apply a method of Gordon et al. to establish a duality result for crossed products by 

^ : z. 

-(— > 
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0. Introduction 

Families of random operators arise in the study of disordered media. More precisely, 
one is given a topological space X and a family of operators {Hx)xex on L'^{G). 
Here, X represents the set of "all manifestations" of a fixed kind of disorder on the 



X 

d ■ locally compact abelian group G [3,4]. 

The simplest example of a disordered medium is given by the periodic structure of 

a crystal. In this case X is the quotient of G by the subgroup of periods. In the 

general case X will not be a quotient of G, but there will still be an action o of G 

on X. The fact that all points of X stem from the same kind of disorder structure 

is taken account of by requiring the action to be ergodic. 

Whereas for a fixed x (z X the operator H^ may not have a large symmetry group, 

the whole family of operators will be G-invariant. This leads to the study of this 

family as a new object of interest. This study is best perfomed in the context of 

G*-algebras. In fact, it turns out that the crossed products G x^ C{X) provide a 

natural framwork for these objects [3,6,7,10,36]. 

As it is, one is even led to a more general algebraic structure, viz G*-algebras of 

groupoids when studying certain quasicrystals modelled by tilings [21,26,27]. But 

this is not considerd here. 

In a remarkable series of papers Bellissard and his Co-workers introduced a K-theory 

based method called "gap labelling" for the study of random operators [3,4,5,19]. 



Using results of Pimsner and Voiculescu [32] , they were able to get a description of 
the possible gaps in many important cases. 

As K-theory is best known in the cases, where either G is discrete or X stems 
from an almost periodic function, much of their work was devoted to these cases. 
However, there are many important examples of more general random operators 
[11,12,28,29]. 

This is one of the starting points of this article. In fact, the main purpose of Sections 
1 and 2 is to study the framework of general random operators. This is done by 
means of Hilbert algebras. Sections 3 and 4 are then devoted to special results in 
the field of random operators. More precisely, this article is organized as follows. 
In Section 1 we introduce crossed products, study two important representations 
and revise their basic theory. Special attention is paid to the relationship between 
symmetry properties of random operators and direct integral decompositions. 
In Section 2 we use Hilbert algebras to the study of the von Neumann algebras and 
the C*-algebras of the dynamical systems of Section 1. We use them to introduce a 
trace on these von Neumann algebras. We show that this trace coincides with the 
trace introduced by Shubin for almost periodic operators [36] and with the trace 
studied by Bellissard and others for discrete G [3,4,5]. Moreover, we discuss how it 
is connected with Connes' non commutative integration theory [13]. 
In Section 3 we study the case that X is a group itself. We study the relation 
between the two representations introduced in Section 1. We provide proofs for 
some theorems first announced in [6] and [7] (cf. [2] as well), whose proofs never 
seem to have appeared in print. Moreover, we revise the Bloch theory for periodic 
operators from the algebaric point of view. This point of view has the advantage 
that the operators in questions are neither required to have pure point spectrum nor 
to have a kernel. We show that the integrated density of states is a spectral measure 
in this case for purely algebraic reasons. This generalizes a result of Kaminker and 
Xia [25] and simplifies their proof. 

Finally, in Section 4, we adapt a method developped by Gordon et al. [22] for the 
study of the almost Mathieu operator to general crossed products by Z. 

1. The C*-algebra G x„ Go{X) 

To every dynamical system (G, a, X) a C*-algebra can be constructed called the 
crossed product of G and Gq{X) and denoted by G x^^ Co{X). If X consists of only 
one point, then G Xa Go{X) is nothing but the group C*-algebra C*{G). We will 
be concerned with two special representations of G Xq, Co{X). For further details 
on general crossed products we refer to [31,38], for details on topological dynamics 
and crossed products see [39,40,41]. 

1.1 Basic Definitions. A dynamical system is a triple {G,a,X) consisting of 

- a separable, metrizable, locally compact, abelian group G, whose Haar mea- 
sure will be denoted by ds, 

- a separable, metrizable space X, 

- a continuous action a of G on X, 
Moreover we will need 

- an a- invariant measure on X with suppm = X 

to define the representations considered below. We emphasize that this measure is 
not needed to define the crossed product. 
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The group G is acting on L^{G) := L^{G, ds) by 

Tt : L^G) ^ L2(G), Tt^s) ■= ^s-t), s,teG,Ce L\G) 

and on L'^{X) := L'^{X,dm) by 

St : L^X) ^ L^{X), St^x) ■= ?("(-*) (x)), t G G, x G X, ^ G L\X). 

Given a topological space Y , we denote by GciY) ( Co(l"), Cfe(y) resp.) the algebra 
of continuous functions with compact support (vanishing at infinity, being bounded 
resp). Let || • ||oo denote the supremum norm on either of these algebras. The crossed 
product G Xa Go{X) is defined in the following way: 
Equipped with multiplication, involution and norm defined by 

a * b{t, x) := f^ a{s, x)b{t — s, a(_s)(x)) ds, 

a*{t,x) := a(-t,a(_t)(x)), 

ll^lli '■= Ig l|a(sr)l|oo ds, 

a,beGciGxX), t£G,xeX, 
Gc{G X X) becomes a normed *-algebra. In general, this algebra is neither complete 
nor a C*-algebra. It is easy to see that 

II a II := sup{|[p(a)|| : p Hilbert space representation of Cc(G x X)} 

defines a C*-seminorm on Gc{G x X). In fact || • || is a norm, as can be seen 
by using the representations tTj;, x G X, to be defined below. The crossed product 
G Xa Gq{X) of the dynamical system {G,a,X) is the completion of Cc(G x X) with 
respect to || • ||. It is immediate from these definitions that every representation 
of {Gc{G X X), II • 111) has a unique continuous extension to a representation of 
G XaGo{X). We will be concerned with two special representations and their 
direct integral decompositions. 

Remark 1. The algebra A := {Gc{G x X),*,* , {■ \ ■)) where involution and con- 
volution are defined as above and ( • | • ) is the inner product on the Hilbert space 
L^{G X X) can easily be seen to be a Hilbert algebra (cf. [18]) i.e. to fulfil the 
following conditions: 

(i) {a\b) = {b*\a*) a,beA; 

(ii) {a * b\c) = {b\a* * c) a,b,c G A; 

(iii) For a G A the mapping 6 i-^ a * 6 is continuous; 

(iv) {a * 6 : a, 6 G ^} is dense in L^(G x X). 
In particular, the action of A on itself from the left yields a representation of 
A on L'^{G X X), which can be extended to a representation of G Xq, Cq{X) on 
L^(G X X). These considerations will be given a more precise form in Section 2 in 
order to study G x^ L°°{X). Now we prefer to introduce two representations, that 
allow a direct integral decomposition. 

1.2 Representations of G x^ Co{X). 

Let TT : Gc{G x X) — > B{L^{G x X)) be given by 



7r(a),^(t,x) := / a{t - s,at{x))S.{s,x)ds, S, e L^{G x X), 
'g 
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and let for x G X the representation tt^ : Cc{G x X) — > B{L'^{G)) be given by 



7r,(aK(t):= / ait - s,at{x))Cis) ds, ^eL^G), 

JG 

where B{H) denotes the algebra of bounded operators on the Hilbert space H. 
Then it is easy to see that tt and tTx, x € X, are continuous representations of 
Cc{G X X). Their extensions to G Xq, Co{X) will also be denoted by vr and tt^. 
Identifying L^{G x X) with f^ L^{G) dm, we get 



/•e 
7r{A) = Tr^{A)dm, A£Gx^ Co{X). 
J X 



This is obvious for A ^ Cc{G x X) and follows for arbitrary A ^ G x^ Cq{X) by 
density. As G is amenable, even abelian, the representation tt is faithful (cf. 7.7 in 
[31]). Therefore we have 



G x„ Go{X) ~ tt{G X, C7o(X)) = tt{C,{G x X)). 

Thus the crossed product is the norm closure of an algebra of certain integral 

operators. 

We remark that the mapping X 3 x ^^ t^x{A) is strongly continuous for A G 

G Xa Cq{X), as can be directly calculated for A € Cc{G x X), and then follows 

by density arguments for all ^ € G x^ Go{X). The representation tt has two 

interesting symmetry properties, that will be given in the next proposition. 

Proposition 1.2.1. (a) Let T> he the algebra of diagonalisable operators on the 
Hilbert space L'^{G x X) ~ /^ L'^{G) dm, then 

7t{Gx„Co{X))cD'. 

(b) tt{G x„ Go{X)) C {Tt <E) S-t ■■ t e G}' . Moreover for t e G, x e X and 
AeG Xa Co{X) the formula Tt ■Ka^(^x){A) T^ = -KxiA) holds. 

Proof, (a) This is the fact that tt{A) permits a direct integral decomposition. 
(b) This can be directly calculated for A ^ Cc{G x X) and then follows for arbitrary 
A ^ G Xa Cq{X) by a density argument. D 

Moreover, the following is valid. 

Proposition 1.2.2.. If a is minimal i.e. Gx := {at{x) : t G G} is dense in X for 
every x € X then 

(i) (t{tIx{A)) is independent of x (z X for selfadjoint A G G x^ Co{X), 
(a) TTx is faithful for every x ^ X. 
If G acts ergodically on X, then there exists for each selfadjoint A ^ G x^ Cq{X) 
a closed set S^ C R and a measurable set Xa C X with iJ,{X — Xa) = s.t. 
a{Ax) = Sa for all x G Xa- 

Proof. The first statement is proven in [25], the second one in Section 4 of [3]. 
D 
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We will now give a second representation of G x^ Cq{X). For t G G let tt* 
Cc{G xX)^ B{L'^{X)) be defined by 



7r*^(x) := / a{s,x)i{a-s{x)){t\ -s)ds, a(^Cc{GxX), i(^L\X), 
Jg 

where ( • | • ) denotes the dual pairing between G and G. For t & G the mapping tt* 
is then a representation of Cc{G x X), which has a unique continuous extension to 
a representation of G x^ Co{X), again denoted by tt*. For ^ G G x^ Go{X) the 
mapping t >-^ '?r*(A) is strongly continuous, as can be seen using the same arguments 
as in the case of the mapping x >-^ iTxiA). Therefore, we can define a representation 

/•© /-e 

n := TT*di:Gx^Go{X)^B{ L'^{X)di), 
Jg Jg 

where we denote by dt the Haar measure on G. Let the unitaries W and U be 
defined by 

W -.L^iGxX) — >L^GxX), WC{t,x) := C{t,at{x)), ^ e L^G x X), 

U := {Fg I)W* -.L'^iGxX) — > L^{G x X), 

where Fq '■ LF'iG) — > L'^{G) is the Fouriertransform and / the identity. Then we 
have 

^ = f/vrC/*, 

where L'^{G x X) is identified with Jq L^{X)di. 

Remarks 1. The crossed product G Xa Go{X) is just the group G*-algebra C*{G), 
if X consists of only one point. In this case we identify Cc{G x X) with Gc{G) and 
we get tt{'^)E, = if * ^ = T^pS,, t^{^)^ = M{F{ip))S,, where T<^ denotes the oper- 
ator of convolution with f G Gc{G) and M{ip) denotes the operator of multipli- 
cation with V- This implies n{G x„ Go(X)) = M(Go(G)) and tt{G x„ Co{X)) = 
{F-^M^F\iPeGo{G)}. 
2. The direct integral decomposition of vr relies essentially on the symmetry 

7r(G x„ Go{X)) C {Tt ^ S.t : t e G}' , 

as can be seen in the following way: Using W {Tt 1) W* = Tt0 S-t, one gets im- 
mediately U{Tt'S'S-t)U* = Mt®I, where Mt denotes the operator of multiplication 
with (t I • ) on L2(G). Therefore, we have U tt{A) U* € {Mt (S)I\t e G}', and this 
implies (cf. 5, ch 2, II in [18]) that Utt{A)U* has a direct integral decomposition. 

2. The von Neumann algebra G x^ L°°{X) 

In this section we study the von Neumann algebra G x^ L°°(X). We will be par- 
ticularly interested in determining its generators and its commutant as well as 
introducing and calculating a trace on it. In a sense, much more general consid- 
erations can be found in [23], where arbitrary von Neumann crossed products are 
studied by means of Tomita Takesaki theory of left Hilbert algebras (cf. [38]). The 
trace on G x„ L°°{X) allows to introduce for each selfadjoint operator affiliated 
to G Xq, L°°{X) a canonical spectral measure. This spectral measure is called the 
density of states. We will discuss the so called Shubins 's trace formula, relating the 
density of states to the number of eigenvalues of certain restricted operators. We 
conclude the section with the discussion of certain formulas for the trace in the case 
that m{X) < oo holds. 

5 



2.1 Definition and important properties of G Xq, L°°{X). 

Following 7.10.1 in [31] we define the von Neumann crossed product. 

Definition 2.1.1. G x„ L°°(X) := 7r(G x„ Co{X))" 

We will study this algebra by means of the already defined Hilbert algebra A = 
{Cc{G X X), *,*,(• I • )) (cf. Remark 1 in Section 1.1). We need some notation. 

Definition 2.1.2. (a) For A e ^ let La (Ra) be the unique continuous operator 
with 

L„^ = a*e, iRaC = ^*a), ^eC.iGxX), 

i.e. La^ = r^a(s,x)^(t — s,a-six))ds for ^ € L^{G x X) and similarly for Ra- 

(b) The unique extension of *: Cc(G x X) — > Cc{G x X) to a continuous mapping 
of L^{G X X) into itself will also be denoted by *, i.e. a*(t,x) = a{—t,a-t{x)) for 
aeL'^iGxX). 

(c) An a £ L'^{G X X) is called left bounded (right bounded) if the mapping ^ i-^ 
R^a (^ I— > L^a) can be extended to a continuous operator on L^{G x X). This 
operator will be denoted be La (Ra)- 

(d) C{A) := {La : a G A}", n{A) := {Ra : a e A}". 

The connection between these crossed products and Hilbert algebras is simple. 

Lemma 2.1.3. For a £ Gc{G x X) the equality W*TT{a)W = La holds. 

Proof. For ^ e Cc{G x X) a direct computation yields W*7T{a)W^ = Lai and 
the lemma follows, as La and W*TT{a)W are bounded and Cc{G x X) is dense in 
L'^iGxX). D 

The lemma and the definitions of G Xq, L°^[X) and C{A) directly yield 

Theorem 2.1.4. Adw ■ G x^ L°°{X) — > C{A), A ^ W* AW is a spatial iso- 
morphism of von Neumann algebras. 

Those operators which are inverse images of left bounded operators under Adw 
will play an important role. 

Definition 2.1.5. (a) A function a € L'^{G x X) is called the kernel of the oper- 
ator ^ e G x„ L°°(X) if a is left bounded and A = WLaW*. 
(b) Let /C := {A G G x„ L°°(X) | A has a kernel}. 

We study /C in the next proposition. 

Proposition 2.1.6. (a) The operator A has the kernel a G L'^{G x X) iff 



Ai{t,x) = / a{t — s,at{x))S,{s,x)ds a.e. 
Jg 

holds for CeL'^iGx X). 

(h) The set K, is an ideal in G Xa L°°{X). For A e IC with kernel a G L'^ {G x X) 

and B e G Xa L°°{X) the kernel of AB is given by W*B(Wa) and the kernel of 

A* is given by a* . 

(c) For A € G Xq, L°°{X) with kernel a (z L'^{G x X) the operator A^ is a bounded 

Carleman operator with kernel 



ax{t,s) := a{t- s,at{x)) 
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(i.e. {A^)f{t) = (a^(t, •)!/) a.e. te G) for a.e. xeX. 

Proof, (a) The statement with "^ G L^{G x X)" replaced by "^ G Cc(G x X)" is 
easy to calculate. Using that the maximal operator given by the integral expression 
is closed, we get (a). 

(b) As /C contains the algebra tt{Cc{G x X)) by Lemma 2.1.3., it is strongly dense 
in G Xq L°°(X). The remaining statements could be calculated directly but also 
follow from Proposition 2 and Proposition 3 in 3, ch. 5, I of [18]. 

(c) We set ax{t, s) := a{t — s, at{x)) for a G L^{G x X). Using the Fubini theorem 
it is easy to see that ax is the kernel of a Carleman operator (cf. [42]) A^ for almost 
every x (z X. It remains to show A^ = A^, a.e. x (z X. For rj G L'^{X) and 
S. G L'^{G) a short calculation yields 

r]{x)Ax6.{t) =r]{x)AxS,{t),a.e. 

As r/ G L'^{G) was arbitrary this implies 

Ax^ = AxS,,a.e. x € X. 

Using a countable, dense subset of ^ G L'^{G) and the fact that Ax is closed, we 
conclude (c). D 

We can now characterize G x^ L°°{X) and its commutant. 

Theorem 2.1.7. (a) G x„L°°(X) = WC{A)W* = {Tt®I, W{I^M^)W* : t G 

G,veL^iX)}". 

(h) G Xa L'^iX) = n{A) = {Tt I, W*{I (g) M^)W : t £ G,v e L^{X)}" with 

a : G X X ^> X , at{x) := a-t{x). 

(c) {G x^ L'^{X)y = Wn{A)W* = {Tt®S-u I®M^ : teG,v e L°°{X)}" 

Proof, (a) The equality G x^ L°°(X) = WC{A)W* has already been proven in 
Theorem 2.1.4. To prove the second equality we set 

C ■={Tt(g}I, W{I(g}M^)W* : teG,veL^{X)}. 

C" C WC{A)W*: By C{A) = 7^(^)' (cf. Theorem 1 in 2,ch 5, I of [18]), it is 
enough to show C C {Wn{A)W*y , i.e. 

CWRaW* = WRaW*C, a G Cc{G xX),G eC. 

This can be calculated directly. 

WC{A)W* C C": For u G Gc{G) and v G C^X) and ^ G L^iG x X) an easy 

calculation yields 

Tr{u v)^{t, x) = iW{I <g) M^)W*^{t, x)) ■ [ u{s){I (g) r,)^(t, x)ds, 

Jg 

and this implies 7r{u v) C C" . The desired inclusion follows. 

(b) Defining tt^ by simply replacing a by d in the definition of tt, we get 

RaC = 7r&{Wa)^, a G Gc{G xX),^e L'^{G x X). 
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This implies n{A) = {n^iWa) : a e CdG x X)}" = {^a(a) : a e CdG x X)}" . 
As G Xa L°°{X) = {TTaia) : a e CciG X X)}" by definition of the crossed product 
the first equality is proven. The second equality follows by replacing a by q in (a), 
i.e. by replacing W by W* . 

(c) The first equality follows from (a) and TZ{A) = jC{A) . The second equality 
follows by (b) and W{Tt ® I)W* =Tt® S-f □ 

Theorem 2.1.7 yields G x^ L°°(X) C D' . In particular (cf. 5, ch,2, II in [18]), every 
A ^ G Xa L°°[X) can be written as a direct integral A = jj^ A^ dm, whose fibres 
are uniquely determined up to a set of measure zero. Similarly it can be seen that 
for A e G Xa L°°{X) the equation 

/•e 
UAU* = / A^di 
Jg 

holds, where the A* are uniquely determined up to a set of measure zero. From 
now on we will identify G x^ Co{X) with 7r(G x^ Co{X)). For A in G x^ Go{X) 
we set Aa; := n^^iA), A* := tt\A) and A := UAU*. For A G G x„ L°°(X) we define 
the Ax and A* by 

/•e r® 

A= Ax dm and UAU* = / A* di. 

J X JG 

The fact that these families are only defined up to a set of measure zero will be no 
inconvenience. 

Remark 1. It is always possible to choose the A^ such that 

^t Aa-t(x)J-t = Ax 

holds for all X G X and all t G G. This can be seen in the following way: Theorem 
2.1.7 implies G x„ L°°(X) C {Tt S-t \ t G G}' . In particular, we have for fixed 
teG 

TtAa,(x)Tt* = Ax, a.e.x £ X. 

Therefore we get, using the Fubini Theorem, that the family of operators defined 
by 

{Ax^\7l):=M{t^{TtA^^xT*^\v)), 

where M is the mean on the abelian group G, coincides almost everywhere with 
the family Ax- Moreover, it is easy to see that the family Ax has the required 
invariance property. 

2.2 The trace on G x^, L°°{X). 

In the last section we proved that G x^ L°°(X) is generated by a Hilbert algebra. 
This allows to introduce a canonical trace on G x„ L°°(X). 

We start with a simple lemma that will allow us to prove the equality of certain 
weights by proving the equality of the restrictions of these weights to suitable sets. 



Lemma 2.2.1. Let J' be a strongly dense ideal in a von Neumann algebra M C 
B{H) containing the identity I of B{H). 

(a) There is an increasing net I\ in J converging strongly towards I. If H is 
separable, (Ix) can be chosen as a sequence. 

(b) IfTi and T2 are normal weights on M with ti{AA*) = T2{AA*) < 00 for A^ J , 
then T\ = T2 on {JJ)'^. 

(c) If Ti and T2 are normal weights on N , whose restrictions to {JJ)'^ coincide, 
then Ti = T2- 



Proof, (a) The Ideal J J is normdense in the C* algebra C := J J. By 1.7.2 in 
[17], there exists therefore an approximate unit Ix in J' J' for C. As the net Ix is 
bounded and increasing, it converges strongly to some E € B{H) with 

EC = CE = C, CeC. 

As J is strongly dense in M, the algebra C is weakly dense in Af and EC = CE = 
C, C (z Af, follows. This implies E = I. If H is separable it is possible to choose 
an increasing subsequence of (/a) converging to E. 

(b) This follows using polarisation. 

(c) Let (Ix) be as in (a). Fix A = CC* in Af^. As ri and T2 are normal, it is 
enough to show 

Ti{CIxC*)=T2{CIxC*). 

But this is clear, as J J is an ideal and as (Ix) belongs to (J'J^)^. D 

Theorem 2.2.2. There exists a unique normal trace r on G x^ L°°(X) with 

t{AA*) = {a\a) 

for A with kernel a. The trace r is semifinite and normal and r = TcoAdw*, where 
Tc is the canonical trace on C{A) (cf. 2, ch 6, I of [18] j. Moreover 

{G x„ L^{X))l ■.= {A^G x„ L'^{X) : t{AA*) < 00} = /C. 

Proof. Clearly the identity of B{I?{G x X)) is contained in GXq,L°°(X) = 

7r(G Xq, Gq{X))" and we can apply the foregoing lemma with J = fC io get the 

uniqueness. 

As Adw is an isomorphism by Theorem 2.1.4., the remaining statements follow 

easily from the corresponding statements in 2, ch 6, I of [18]. D 

Definition 2.2.3. For a selfadjoint operator A affiliated to the von Neumann 
algebra G x^ L°°{X), i.e. whose resolution of the identity, Ea [35], is contained in 
Gx^L°°{X), define 

fiA{B) := t(Ea{B)) 

for Borel measurable B C R. The map /U is called the integrated density of states 
(IDS) for A (cf. [6]). 

We mention that there is a different approach to the IDS for one dimensional 
Schrodinger operators due to Johnson and Moser (cf. [16, 24] ). 
From Theorem 2.2.2 we get the following corollaries. 

9 



Corollary 2.2.4. Let A and fiA be as in the preceding definition. Then ha is a 
spectral measure for A. 

Proof. This is clear, as r is faithful and normal. D 

Corollary 2.2.5. Let A and ^ be as in Corollary 2.2.4- If there exists a set 
a C R with cr(Ax) = cr a.e. x G X , then a = supp fi. 

Proof. As /U is a spectral measure of A, we have cr{A) = suppii. By cr^A^) = a 
a.e. X £ X, the equality a = cr{A) holds. D 

There is another way to calculate the trace that can be seen as an application of 
[13] (cf. Remark 1 below). 

Lemma 2.2.6. Let A be in {G x^ L°°{X))+. Then there exists a unique A{A) £ 
[0, oo] with 

A{A) / g^{t)dt= / tr{MgA^Mg)dm 
Jg Jx 

for positive g G L°°{G), where tr denotes the usual trace on B{L^{G x X)). 

Proof. Uniqueness is obvious. Existence will follow from the uniqueness of the 
Haar measure on G, once we have shown that the RHS of the equation induces an 
invariant measure. 
As A is positive there exists G £ G Xa L°°{X) with A = G*G. We calculate 



f,iB):= / tr{M^,A,M^,)dm= / tr(M^,C:C7,M^ Jdm. 
Jx Jx 

Using that tr is a trace we conclude n{B) = J^ ti(GxM^j^G*)dni. 

This formula and some simple monotone convergence arguments show that /x is a 

measure with 



gMfi= / tT{GxMg2G*)dm = / tr{MgAxMg)dm. 

G Jx Jx 

It remains to show that fi is translation invariant. As G Xq, L°°{X) is contained in 
{Tf iSi S-t : t G G}' for each t £ G, the equation 

/^ rp^ /^ rp 

'^at{x) — -^t ^x-l-t 

holds for a.e. x £ X. This allows to calculate 

^i{B-t)= f tT{GxM^,_,G:)dm 
Jx 

ti{GxTtM^^T;G:)dm 

(tr is trace) = f tT(T;GxTtM^^T;G*Tt)dm 
Jx 

= / tr(C„,(^)Mx5C*^(^))dm 

Here we used in the last equation that m is translation invariant. The calculation 
shows that fi is translation invariant. This finishes the proof. D 
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Theorem 2.2.7. A = r. 

Proof. As /C is a strongly dense ideal in G Xq, L°°(X) by Proposition 2.1.6., it 
is by Lemma 2.2.1 enough to show 

K{A*A) = t{A*A) 

for A ^ K.. Choosing a positive g £ L°°(G) with J„g^dt = 1, we calculate for 
A € /C with kernel a e L'^{G x X) 

A{A*A) = [ tr{MgAlA^Mg) dm 
Jx 

g{t)a{t — s , at{x))\'^ dt ds dm 



X JGxG 

2, 



(Fubini) = / \g{t)\ (/ / \a{t — s,at{x))\ dm,ds)dt 
Jg Jg Jx 



(m, ds transl. inv. )= / |5(i)P( / / 

Jg Jg Jx 

(Wgh^G) = 1) = {a\a), 



a{s,x)\ dmds)dt 



where we used that for an operator K € B{LF'{G)) with kernel k £ L'^{G x G) the 
eqality tr(i^i^*) = /^^^ \k{t, s)\^dtds holds. D 

In some cases (e.g. in the almost periodic case or if G = i?", Z"") it is known that 
there exists a sequence Hn C G with 

^™ 7Tr~\ / XH„is)f{asix))dmGis)= / f{z)dm{z) 

n^oo mG{H„) Jq Jx 

for / G L'^iX^ m) and x G Xf, where Xf is a suitable subset oi X with ^{X — Xf) = 
0. If this is valid, and \i A £ K, has a kernel a s.t. x ^-> j^ |a(t, x)p(it belongs to 
L"'^(X, TTT,), then 



n — >-cxD 



by ii{xH^A.^A.lxHj = J^ jQXH„it)\a{s,a-tix))\'^dsdt. Here, one can interpret a 
term of the form XhBxXh as the restriction B^Ih of B^ to L'^{H,m,G\H)- One is 
in particular interested in the case, where A^ = xi{Bx) belongs to the resolution 
of the identity of B^. As restrictions of operators are comparatively accessible, the 
question arises whether 

1™ )ir\ Mxh„Xi{Bx)xhJ - tiixiiBxlHj)) = 

n^oo mG{Hn) 

for x £ X and I C R. If this can be established, the equation 
/x^(/) = lim ——tT{xiiBx\Hj) 

n^oo mG[Hn) 
11 



follows from (*) immediately, as the equation XiiC) = Xi{C)xi{C)* holds for 
arbitrary operators C . Note that tr{xiiBx\H„)) is just the number of eigenvalues of 
Bx\h^ in I- For / = (—00, E], E G R, this type of equation has been established for 
pseudodifferential operators with almost periodic coefficients in [36], for Schrodinger 
operators in [6] using heat equation methods and for discrete G in [3]. It is called 
Shubin's trace formula. 

Remarks 1. In [13] transverse functions and transverse measures on groupoids are 
introduced and studied (cf. I, 5 of [14] as well). It is possible to give G x X the 
structure of a groupoid. The measure m then induces a unique transversal measure 
A with certain properties. It is possible to show that A satisfies the equation 



A(0 fdt= Uf)dm 
Jg jx 

for transverse functions ^ and / G L°°{G). A direct calculation shows that for 
^ G (G Xq, L°°{X))j^ the mapping i^{B) := ti{xBAxXB) is a transverse function 
(if the components A^^ are chosen according to Remark 1 in Section 2.1). In this 
context Theorem 2.1.7 says essentially A(,^^) = t{A). 

2. In [1] it is shown that for a family A^, a; G $7, of almost periodic Schrodinger 
operators and F G Co(R) the equation 

tr{MgFiA^)Mg)dmn = f Fdk 
n JR 

holds, where the measure dk is given by a certain limit procedure. Using Definition 
2.2.3 and Theorem 2.2.7 we see dk = dfiA- 

2.3 Some special cases. 

If m{X) < 00 (e.g. if X is compact) there exist two alternative formulas for the 

trace on G x^ L°°{X). They will now be discussed. 

Define for A G G x„ L°°(X) the operator A^ : i^(G) — > L'^{G) by 

{A^i\ri):= I {A,^\7])dm, ^,r, G L^G). 
Jx 

Since A^^^ = TfA^T^ a.e. x G AT for fixed t G G and m is invariant under a, 
the operator A.^ is translation invariant. Therefore there exists ip G L°°{G) with 
Ajn = F~'^M^F, where M^p denotes the operator of multiplication by c^. Now it is 
easy to see that the mapping 

J :Gx^ L°°{X) — > M{L°°{G)), A ^ FA^F'^ 

is linear, positive and faithful on {G x^ L°°(X))_|_. Let Tqo be the usual trace on 

M(L°°(G)), i.e. T^{ip):=JQ^di. 

Moreover, define ^ : (G x„ L°°{X))+ — > [0,oo] by 

^l{A) := [ {Ah\l)di, 
Jg 

where 1 denotes the function of L'^{G) with constant value 1. Then the following 
holds. 
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Theorem 2.3.1. t = ft = t^ o J. 

Proof. We will show (1) r = Too o J and (2) t = fi. 

(1) r = Too o J: By Theorem 2.2.7, it is enough to show A(^) = Too o Ji^) for 
A € (G Xa L°°{X))-\-. For such an A let Am and the function (p be defined as 
above, i.e. A^ = F~^M^F and M^ = J (A). Choosing a positive g G L°°{G) with 
|[(7|| r2('(^\ = 1 we calculate 

A(^)= / tr{MgA,Mg)dm = tT{MgAmMg)=tr{MgF-^M^i/2FF-^M^i/2FMg). 
Jx 

For (f) E L^{G) the operator K = MgF~^Mj^i/2F is a Hilbert Schmidt opera- 
tor with kernel k{t,x) = g{t)F-^{(t^/'^){t - s). Thus the formula iT{K*K) = 
IgxG \k{t,s)\'^dtds holds and we get 

A{A) = j^j^ \g(t)F-\<t>"^){t - s)\^dtds = W'^^^^Q^ = J^Hi)di, 

where we used the translation invariance of dt, ||5'||l2(g-) = 1, and the fact that the 

Fourier transform is an isometry. 

For arbitrary </> the equality A(^) = J-;:j(f){t)dt now follows by a simple monotone 

limit procedure. 

(2) r = jj.: For A £ {G x^ L°°{X))^ let A^ and ip be as above. By (1), it is enough 
to show Lp{t) = ( A*l I 1 ) =: ^(t) for a.e. t € G. But this follows from the following 
calculation valid for all ??, ^ € L^{G): 

= / {A^F-^^\F-^r])dm 
Jx 

= {A{I(^F-^){l(^0\iI^F-^)i^^v)) 

= {AU*{l(^C)\U*{l^r])) 

= (i(1^01(l«'^)) 

The theorem is proven. D 

Remarks 1. The expression fi was used in [25] (cf. also [9]). 

2. The mapping J was first introduced by Coburn, Moyer and Singer [10] (cf. also 
[36]) in their paper on almost periodic operators. 

3. If X consists of only one point it is a forteriori compact. The positive operators 
in G Xa Go{X) are just the operators A = Fq M^^Fq where ip G Gq{G) is positive 
(cf. Remark 1 in Section 1). The trace of such an A is then given by 



t{A) = / ^{t)dt, 

JG 

in particular t{A) is finite iff ip belongs to L^{G). As the ideal of trace class 
operators consists of the finite linear combinations of positive operators with finite 
trace, we conclude that A = Fq M^pFc is trace class iff pi belongs to L^{G)r\Gf){G). 
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In particular it is not true in general that an operator of the form A = 7r(c/?) = 
F~'^Mp(^^p-)F with If G Cc{G x X) = Cc{G) is trace class. This shows that it is not 
possible (as is sometimes done) to define a trace on G x„ L°°{X) by setting 

t{'k{'4>)) := I 1^(0, x)dm. 
Jx 

We close this section with some remarks on the special case that G is discrete. As 
in this case the function 6e ■ G — > G defined by 6e{t) = 1 for i = e and 5e{t) = 
for t 7^ e is positive, bounded with \\5e\\ T2tfi\ = 1, we get easily 

t{A) = / {AJe\5e)dm. 
Jx 

Moreover, it is possible to show that there exists a conditional expectation 

J ■.Gx^L^{X) — .L°°(X) 

with T = Too o J 1 where Tqo is the usual trace on L^{X) (cf. [31] for a thorough 
discussion of this case). 

3. Groups acting on groups 

This section is devoted to the study of a group acting on another group. This 
situation arises in particular in the context of almost periodic functions (cf. [8, 30]) 
and this is indeed the motivating example. The irrational rotation algebras, which 
have recieved a lot of attention (cf. [15, 34] and references therein), arise in such a 
situation. They are used in the treatment of the so called Harper's model [4]. The 
corresponding operator is just the almost Mathieu operator for A = 2 (cf. [22] and 
references therein for details about the almost Mathieu operator). 

3.1 The general case. 

We will look at the following situation: Let G and X be locally compact abelian 
groups, and let j : G — > X be a group homomorphism. This induces a homomor- 
phism j* : X — > G, where X (resp. G) denotes the dual group of X (resp. G). 
Then there is an action a of G on X given by 

at : X — > X, at{x) := x + j{t), 

and an action of X on G given by 

d£ : G — > G, as;{i) := i + j*{x). 

Similarly to the unitaries Tt and St resp., acting on L'^{G) and L'^{X) resp. for 
t £ G, there are unitaries Tj and Sx defined by 

Sx : L\G) -^ L\G) S.^i) := ?(«(-£)(*)), 

T- : L'{X) -^ L\X) S^m ■= Hv " ^)- 
14 



Moreover we define 

W : L^{X xG) — > L^{X x G) by W^{x,i) := C{x,a£{i)) 

and U by 

U := (Fx <S) Fg)W* = (Fx <E) I)U, 

where Fx and Fg are the Fourier transfom on L'^{X) and L'^{G) resp. and U and 

W are as defined in the first section. 

We will first establish a spatial isomorphism between the von Neumann algebras 

G Xq, L°°{X) and X x^ L°°{G). This can be done quite easily, as the generators 

of these von Neumann algebras are known explicitly. 

We will then provide proofs for some statements first appearing in [6] and [7], that 

yield much more, namely an isomorphism between G Xa Co{X) and X x^t Go{G). 

We will need the following propositions. 

Proposition 3.1.1. (a) W*{Tt(^I) = {Tt^St)W*, W*{T£^r) = {Ts,®S£)W*. 
(h) W{Tt (g) I)^= {Tt ^ S-t)W, W{Ti ® /) = (T^ ^ S-i)W. 
(c) UW = W*U. 

Proof. This can be seen by direct calculation. D 

Proposition 3.1.2. (a) The von Neumann algebra G x^ L°°{X) is generated by 
operators of the form Tf I, t G G, and the operators of multiplication with the 
functions 

(t, x) 1-^ {x\at{x)) = {x\x){x\j{t)), X £ X. 

(b) The von Neumann algebra X x^ L°°(G) is generated by operators of the form 
T^(^ I , t £ G, and the operators of multiplication with the functions 

Proof. This follows from Theorem 2.1.7 and the well known fact that the char- 
acters generate the von Neumann algebra L°°. D 

Now we can prove the spatial isomorphism, mentioned above. 

Theorem 3.1.3. The unitary U : L^(G x X) — > L'^{X x G) establishes a spatial 
isomorphism between G x^ L°°{X) and X x^ L°°{G). 

Proof. By the foregoing proposition, it is enough to show 

(1) UiTt I)U* = M{it\f{x))it\ t )), 

(2) UM{{x\x){x\j{t)))U* =T^0I, 

where M{ip) denotes as usual the operator of multiplication by ip. 

(1) Using Proposition 3.1, we can calculate 

U{Tt ^I) = {Fx FG)W*iTt ® /) 
= {Fx ^ FG){Tt (^ St)W* 
= {t\-){t\f-){Fx^FG)W*. 

(2) This can be seen by similar arguments. D 
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As already stated above there is even an isomorphism between the C*-algebras 
G x„ Co{X) and X x^ Cq{G). We will establish this isomorphism in two steps. 
In the first step we will show that the image of an operator with L^-kernel under 
conjugation by U is also an operator with an L^ kernel. In the second step we will 
prove that conjugation by U is actually an isomorphism between G Xq, Cq{X) and 
X Xq, Co{G). We remark that both of these facts have already been stated in [6] 
and [7], where, however, no proof was given. 

Lemma 3.1.4. Let a € L^{G x X) be the kernel of a bounded operator A on 
L2(Gx X), i.e. 

A^{t,x) = / a{t — s,as{x))^{s,x)ds. 
Jg 

Then A := UAU* is a bounded operator on L'^{X x G) with kernel 

a := {Fx ® FG)Wa e L^{X x G), 

i.e. 

A^{x, i) = d{x- y, as,{i))i{y, i)dy. 
J X 

Proof. Let ^ := (Fx ® Fg){0 be an arbitrary function in L'^{X x G). We calcu- 
late 



UAU*i{x,i) = {Fx®FG)W*AW^{x,i) 

= {Fx^FG){{t,x)^ I a{t - s,x)WC{s,a-t{x))ds){x,i) 

JG 

= {Fx®FG){{t,x) ^ I {Wa){t - s,at-s{x)Ms,at-s{x))ds)ix,i). 

JG 

As for fixed t G G the mapping x i-^ f^ \(Wa){t — s, at-s{x))^{s, at-s{x))\ds belongs 
to L^{X), this expression equals 



(/®Fg)( / {x\-x)i {Wa){t-.s,at-six))C{s,at-six))d.sjdxUx,i), 

which yields after the substitution (x >-^ x — j{t — s)) 

... = (Fx^Fg) {{t,x) ^{{x\ -j{-))Wa){;x)*C{;x){t)) {x,i) 
= Fx {x ^ {I ^ FG){Wa){i + j*{x),x){I ^ FGmiix)) (x) 
= {Fx ® FG){Wa){i + j*{x), •) * (Fx ^ FcmH •)(£) 

d{x - y,a£{i))i{y,i)dy. 



IX 

This proves the lemma. D 
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Theorem 3.1.5. The mapping Ad^ : G x„ Co(X) — > X x^ Co(G), A^ UAU* 
is an isomorphism of C*- algebras. 

Proof. We have to show that Ad^{G x^ Cq{X)) is contained in X Xq, Ci){G) and 
that Adfj,{X Xq, Cq{G)) is a subset of G Xq, Cq{X). We show 

(1) There is a dense set D C G x^ Co{X) with Ad^(L>) C X x^ Co(G). 

(2) There is a dense subset F of X x^ (7o(G) with Ad^,{F) cGXaCo{X). 

(1) Let 

Z^ := {7r{W*ig (/ii * /is))) | <7 G ^(G), /ii, /12 € Ge(X)}. 

It is easy to see that D is in fact dense in G x^ Go{X). The lemma yields that for 
A = TT{W*{g {hi * /i2))) G i^ the operator Adfj{A) has the kernel 

a:=FG{g)0iFxihi)Fxih2)). 

But, as Fcig) belongs to Go(G) and {Fx{hi)Fx{h2)) belongs to L'^{X), the func- 
tion a is indeed the kernel of an operator in G Xq, Cq{X). 

(2) This can be seen by similar arguments. D 

We now provide a proof for another theorem which was already stated (without 
proof) in [6] and [7]. 

Theorem 3.1.6. Letr (resp. f) he the trace onG Xa L°°{X) (resp. X x^ L°°{G)) 
defined in the last section. Then the equation 

t{A) = t{UAU*) 

holds for allAe{GXc, L°°(X))+. 

Proof. It is enough to consider the case A = BB* with B ^ K, with kernel h (cf. 
Lemma 2.2.1). Then the kernel of UBU* is given by {Fq Fx){Wb) and we have 

f{UAU*)= I [ \{FG®Fx)iWb)ix,i)\'^dxdi 
Jg Jx 

\Wb{t,x)\^dtdx 

IG J X 




\b{t,x)\^dtdx 

X JG 

= t{BB*). 

As A = BB* the theorem is proven. D 

There is an analogue of the classical Plancherel Theorem. 

Corollary 3.1.7. The mapping Ad^j establishes an isomorphism between the 
ideals (G x„ L^{X))l and {X x& L^{G))l with 

T{AA*) = T{Adij{A)Adij{Ay). 

Proof. This follows directly from Theorem 3.1.6. D 

We will now give a short application of the above theory. 
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3.2 Periodic operators. 

Let H he a closed subgroup of a locally compact abelian group G such that X := 
G/H is compact. Let p : G — > X be the canonical projection. Then the machinery 
developped in the last section can be applied with j = p. For A € G x^ L°°{X) we 
denote in this section hy G 3 t >-^ A^ the family of operators with 



A^di=UAU*, 



where U was defined in the last section. 

The operators in G x^ L°°{X) have a very strong invariance property. 

Proposition 3.2.1. For every A e G x^ L°°{X) there exist unique A^, x £ X, 
with (i) A = j\^ Axdm and (ii) TtAa^{x)Tt = ^X7 x G X,t G G. 
The same holds for selfadjoint A that are affiliated to G x^ L°°{X). 

Proof. For A ^ G x^ L°°{X) the existence of such A^ has already been shown (cf. 
Remark 1 in Section 2). The uniqueness follows as p is surjective. For selfadjoint 
A affiliated to G x^ L°°{X) the uniqueness proof is unchanged. Existence follows 
by looking sA, {A + i)~^ . D 

We have the following theorem. 

Theorem 3.2.2. Let A he selfadjoint and affiliated to G Xa L°°{X) with resolution 
of identity Ea and fibres A^, x (z X , chosen according to the preceding proposition. 
Then the measure ^ defined in Definition 2.2.3 is a spectral measure for all x £ X. 

Proof. By Corollary 2.2.4, the measure ^ is a spectral measure for A. As all A^, 
X G X, are unitarily equivalent by Proposition 3.2.1, the statement follows. D 

Remarks 1. Kaminker and Xia show in [25] by the use of a spectral duality prin- 
ciple that certain elliptic periodic operators have purely continuous spectra on the 
complement of the set of discontinuities of A i— > r(£'^((— oo. A])). Theorem 3.2.2 
shows in particuar that this holds for arbitrary periodic operators for purely alge- 
braic reasons. 

2. For periodic Schrodinger operators it is possible to show that the spectrum 
is purely absolutely continuous using some analyticity arguments (cf. [33] and 
references therein). 

We finish this section with a short discussion of another formula for r. Let H^ C G 
be the annihilator of H and let g : G — > GjH^ denote the canonical projection. 
For g = f o q define {g} := /. Let for p = q{t) the functional Ip : L°°{G) — > R be 
defined by 

Ip{f)-= I f{i + h^)dmH.= V f{i+h^), 
then the desintegration formula 

f{t)di= f Ip{f)dmQf^^{p) 

holds (cf. [20]). 
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Let A e (G Xq, L°°(X))+ be given. Identifying (G/H) with H^ and using 
we calculate 

t{A)= f{A^Se\6e)di 



G 



Ip{s ^ {A'^Se I Se ))dmQj^^{p) 

= / {s ^ iTA'}{p)dmQ,^^{p). 

Jg/h^ ' 

The RHS of this equation is essentially the integrated density of states defined in 
ch. XIII of [33] for periodic operators. 

4. Spectral duality 

By spectral duality we mean a relation between the spectral types of A^, x G X, 
and the spectral types of A*, t € G of the form "If A^ has pure point spectrum a.e. 
t ^ G, then A* has purely (absolutely) continuous spectrum a.e. x € X." 
Theorems of this form have been stated in [7, 9, 25]. We cite the theorem of [25]. 

Theorem 4.1. Let ^ G G x^ L°°[X) he self adjoint with purely continuous spec- 
trum on a Borel set E s.t. A* has pure point spectrum on E for almost all t ^ G, 
then A^ has purely coninuous spectrum on E for almost all x a X . 

In [22] another form of duality is proven for the Almost Mathieu Equation. The 
method developped there can be carried over with only small changes to give 

Theorem 4.2. Let {Z,a,X,m) be a dynamical system. Let A e Z x^ L°°(X) be 
self adjoint with spectral family Ea s. t. Ax has only pure point spectrum with simple 
eigenvalues for almost all x a X . Then 

p{B):=t{Ea{B)) 

is a spectral measure for A^ for almost all rj £ Z =: S^ . 

Proof. As /U is a spectral measure for A by Corollary 2.2.4, it is enough to show 
that there are spectral measures ly^ for A'^ not depending on rj. This is shown 
following [22]. 
By the same method as in [22] , it can be shown that there exist measurable functions 

Nj -.X — >ZU {oo}, and ip^. X — > f{Z), j £ Z,l £ N, 

s.t. the set 

{ip'^{x)\jGZ, l = l,...,N,{x)} 

is an orthonormal basis of l'^{Z) consisting of eigenvectors of A^ for almost all 
X £ X and that the 99'- satisfy 

ip'-j{x) = TkLp^-_j^{ak{x)), k e Z. 
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In particular we have 



^\{x)\Tkv\{ak{x)))j2(T\=^^ k^O, 



as 99'- and Tk(pUak{x)) = (/^'^.^(x) are different members of an ONB. 

Tlie simplicity of the eigenvalues is crucial to get this measurable section of eigen- 

functions. We will now show (cf. [22]) 

(1) Fix V G L^{X), F G Co(R), i € Z, Z € iV. Let ^(z,x) := ^{x)<f\{x){z), 
inix) := U^{r],x) and 

Then //,,(-F) is independent of 77 a.e. 77. 

(2) Hn does not depend on r] a.e. rj. 

(3) There exist z/^ not depending on ij s.t. ly^ is a spectral measure for A^ for 
a.e. 77. 

By the remarks at the beginning of the proof, the theorem follows from (3). 

(1) It is enough to show = J^i {r]\ z)fj,^{F)dr] for all z G Z with z 7^ 0. We 

calculate 

/ {r]\z)firjiF)dr] = {{I®M,)UC\UF{A)0 

= {U{T,®S,)^\UF{A)^) 
= {{n®S,)(\F{A)0- 

Using that ^^j{x) is an eigenvector corresponding to the eigenvalue e^'Ax) say, we 
get 

F{e\{x))i^{a,{x))i^{x){T,Ma,{x))\^\{x))dm 



IX 

= 0, 

where we used the relation {Tz^^Auzix)) \ (^j(a;) ) = 0. 

(2) As Co(R) is separable, this follows from (1). 

(3) Let {V'i} be an ONB of L'^{X). Then {V'z ^p]} is an ONB in L'^{G x X) and, 
as U is unitary, it follows that the ^i,j,m '■= U{ijji ^^i) form an ONB in L^{G x X). 
Thus the set T := {£,ij^miili') \hjj^ is total in L'^{X) for almost all 77 G S^. 
(Notice that the set M^ := {77 G S"^ | 99 _L C;,j,m(^5 )^l-,3-,'ni} has measure zero for 
each if G L'^{G).) Therefore the measures i/^ defined by 

T/^li?) := Y, { XBiA^)Cu,m{r^, •) I CuMv, •) )l^^G) 

are spectral measures for almost all r/ G S"^, which do not depend on 77 by (2). The 
theorem follows. D 
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